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Abstract 

We consider the intersection map on the family of non-empty w-Scott- 
open sets of the lattice of opens of a topological space. We prove that in 
a certain class of topological spaces the intersection map forms a contin¬ 
uous retraction onto the space of countably compact subsets of the space 
equipped with (the sequentialisation of) the upper Vietoris topology. This 
class consists of all sequential spaces which are sequentially Hausdorff. 


1 Introduction 

The Hofmann-Mislove Theorem states that in a sober space X the intersection 
map X I—>■ n(-^) is a bijection between the non-empty Scott-open filters on 
the lattice of open subsets of X and the compact saturated subsets of X (cf. 
M)- The natural question arises in which cases (and how) this result can be 
generalised to all non-empty Scott-open collection of opens. 

We give a positive answer for sequentially Hausdorff sequential spaces. Re¬ 
member that a space is sequentially Hausdorjf, if every convergent sequence 
has a unique limit. Our version of the Hofmann-Mislove Theorem states that 
the intersection map defined on the family (DO+{X) of all non-empty w-Scott- 
open collections of opens is a continuous retraction onto the space /C(A) of all 
countably-compact subsets in such spaces X. The corresponding topologies are 
the w-Scott topology on (DO+{X) and the sequentialisation of the upper Vietoris 
topology on IC{X). For the proof we only use Dependent Choice (DC), whereas 
the classical Hofmann-Mislove Theorem needs the Axiom of Choice (AC). 

Beforehand we summerise in Section [2] some properties of sequential spaces, 
of the w-Scott topology on open subsets, of the upper Vietoris topology on 
countably compact sets, and of sequential Hausdorffness. 
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2 Sequential spaces, hyperspaces, sequentially 
Hausdorff spaces 

2.1 Sequential spaces and qcb-spaces 

A sequential space is a topological space in which every sequentially open subset 
is open (cf. [2] . The category Seq of sequential spaces and continuous functions 
as morphisms is cartesian closed. The following lemma explains how function 
spaces are formed in Seq (see e.g. [311] for details). 

Lemma 2.1 Let X, Y be sequential spaces. Then the function space Y^ formed 
in Seq has the set C{X, Y) of continuous functions from X to Y as underlying 
set and its topology is equal to both 

(a) the sequentialisation of the compact-open topology on C{X,Y) and 

(b) the sequentialisation of the countably-compact-open topology on C{X,Y). 

The convergence relation ofY^ is continuous convergence, i.e., {fn)n converges 
to foo in Y^ iff {fn{xn))n Converges to fooixoo) in Y whenever {Xn)n converges 
to Xoo in X. Equivalently, {fn)n converges to foo in Y^ iff the transpose f : 
Noo X X ^Y defined by f{n,x) = fn(x) is continuous, where Noo denotes the 
one-point compactification o/N. 

Remember that the sequentialisation of a topology is the family of all sequen¬ 
tially open sets pertaining to that topology. Binary and countable products in 
Seq are formed by taking the sequential coreflection (sequentialisation) of the 
usual Tychonoff product. We denote the binary product in Seq \yy X xY. 

A qcb-space is a quotient of a countably based space. The category QCB of 
qcb-spaces forms a cartesian closed subcategory of Seq; countable products and 
function spaces are inherited from Seq (cf. [3HI)- The same is true for the full 
category QCBq of qcb-spaces that satisfy the To-property. 

2.2 Topologies on open subsets 

For a given sequential space X let 0{X) denote the family of open subsets of 
X. On 0{X) we consider four natural topologies. For us, the most important 
topology is the w-Scott topology r,^scott- A subset H C 0(X) is called uj- Scott 
open, if H is upwards closed in the complete lattice {0{X)-, C ) and V H H ^ 
for each countable directed subset V with [JV G H. The second topology is the 
Scott topology Tscott on {0{X);C) which is defined like the w-Scott topology, 
except for considering all directed families of opens, not only all countable ones. 
Clearly, the w-Scott-topology refines the Scott topology. 

The third topology on 0{X) is the compact-open topology tqo- A basis 
of tqo is given by sets of the form K- := {U G 0(X) \K C U}, where K 
runs through the compact subsets of X. The name “compact-open topology” is 
motivated by the fact that it coincides with the usual compact-open topology on 
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the function space , under the natural identification of an open subset U C X 
with its continuous characteristic function cf{U). Here S denotes the Sierpihski 
space which has {T,_L} as its underlying set and in which {T}, but not {±} 
is open. The map cf{U): X —>■ § is defined by cf{U){x) = T :-^=^ x € U. 
Obviously, cf: U cf{U) constitutes a bijection between 0{X) and . 

The fourth topology on 0{X) is the countably-compact-open topology r^co- 
It is defined like the compact-open topology, except for considering all countably 
compact subsets K. Remember that K <1 X \s called countably compact, if every 
countable open cover of K contains a finite subcover of K. 

Clearly, tqo C rscott C r,^scott and tqo C t,^co C r^scott- For hereditarily 
Lindelof spaces (and thus for qcb-spaces) we have rscott = TijScott and tco = 
TIjCO- 

Now we present some properties of the convergence relations induced by 
these topologies. Most of the statements of Proposition l^T^ belong to the folklore 
of sequential space, nevertheless it seems worth collecting their proofs here. 

Proposition 2.2 Let X be a sequential space. 

(1) The convergence relations induced on the set 0(X) by the Scott topol¬ 
ogy, by the ui-Scott topology, by the compact-open topology, and by the 
countably-compact-open topology coincide. 

(2) A sequence {Un)n converges to Uoc with respect to the compact-open topol¬ 
ogy if, and only if, 

Wk '.= t/„ n Uoo S 0{X) for all k and C/qo = [J kF/c- 

n>k 

(3) A sequence {Un)n converges to Uoc w.r.t. the compact-open topology if, 
and only if, for every sequence (xn)n converging in X to some element in 
Uoo there is some ug S N such that x„ G C/„ for all n > uq. 

(4) The sequentialisation of each of the four topologies mentioned in ([T|) is 
equal to T,^Scott- 

(5) The space 0{X) equipped with the uj-Scott topology is homeomorphic to 

via the map cf. 

(6) If X is a qcb-space, then the Scott topology on 0{X) is a qcbo-topology. 

Proof. 

a) To show the only-if-parts of ([5]) and ([3]), let ([/„)„ converge to Uoo w.r.t. 
the compact-open topology rco- Then the sequence {cf{Un))n of charac¬ 
teristic functions converges to cf{Uoo) with respect to the compact-open 
topology on By Lemma ETTl {cf{Un))n converges continuously to 
cf{Uoo)- Therefore the universal characteristic function u: Noo x X —)• S 
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mapping {n,x) to cf(Un){x) is sequentially continuous. As {oo,n|n > 
fc € N} is sequentially compact in Noo for each k and {T} is open, the set 

Wk = {x G X \ \/k < n < oo. u{n, x) G {T}} 

is open in X (see Lemma 2.2.9 in i). Clearly tLfc = n„>feC/nnC/oo. 
By the continuity of m, for any x G Uoo there is some kx such u{n,x) = 
T = u(oo,x) for all n > kx, implying x G Wk^. So {Un)n<oo fulfils the 
displayed formula in ([2]). 

Moreover, if (a;„)„ converges to x S Uoa, then there is some ni € N 
such that Xn G Wk^ for every n > ni, implying x„ G Un for all n > 
Tiiax{kx, n-i}. This shows the only-if-part of ([51) . 

b) Now we prove that the right hand side of ([2]) implies that (17„)„ converges 
to Uoo w.r.t. the w-Scott topology r^scott- Let H be an w-Scott-open 
set containing Uoo- Since {Wk)k is an increasing sequence of opens with 
Uoo = UfegN^Lfc, there is some fcg such that Wko G H, implying Un G H 
for all n > ko, a,s required. 

c) For any countably compact set K the set K- is obviously an element 
of Ti^Scott- Thus TcjScott refines t^iCO, which in turn refines rco, because 
compact subsets are countably compact. So convergence with respect 
to TijScott implies convergence w.r.t. t^jCO, and convergence w.r.t. t^jCO 
implies convergence w.r.t. rco- Furthermore r,^scott refines rscott, which 
in turn refines tcOj because K- is Scott-open for every compact subset K 
of X. So convergence w.r.t. r^s^ott implies convergence w.r.t. Tgoott, and 
convergence w.r.t. rscott implies convergence w.r.t. rco- 

We conclude that all four topologies in (ED induce the same convergence 
relation on 0{X). This completes the proofs of ([1]) and ([5]). 

d) For a sequence (C/„)n<oo of open sets, the right hand side of Statement ([3D 
is equivalent to saying that {cf{Un))n converges continuously to cf{Uoo), 
because in the Sierpinski space § every sequence converges to T. By 
Lemma 12.11 the convergence relation induced by the compact-open topol¬ 
ogy on is continuous convergence. This proves the if-part of ([3|). 

e) Let H he a, sequentially open in the topological space (0(A), r,^scott)- 
Then H is upwards closed, as U Q V and U,V G 0{X) implies that the 
constant sequence {V)n converges to U w.r.t. r^^scott. Now let {Un)n be 
an increasing sequence of open sets with Uoo ■= UneN Un G H. Then 
{Un)n converges to Uoo w.r.t. the w-Scott topology, because for every w- 
Scott open set G containing Uoo there is some m G N such that Um G G, 
implying Un G G for all n > m, because G is upwards closed. As H is 
sequentially open, we have Un G H for almost all n. We conclude that H 
is w-Scott-open and the topology rj^scott is sequential. 

f) As the four topologies induce the same convergence relation as Tj^scott 
by ED and T^scott is sequential, the sequentialisation of either of them is 
equal to Ti^jScott. This shows ([ID. 
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g) The bijection cf: 0(X) —and its inverse are both continuous func¬ 
tions w.r.t. the corresponding compact-open topologies on the sets 0{X) 
and Since r^scott is the sequentialisation of tqo by O and car¬ 
ries the sequentialisation of the compact-open topology on C(X, §) by 
Lemma l2.ll cf and its inverse are also continuous w.r.t. this pair of sequen¬ 
tial topologies. Hence cf is a homeomorphism between 0{X) equipped 
with the w-Scott topology and S"'-. This shows ([5]). 

h) If X is a qcb-space, then X is hereditarily Lindelof (see [H Proposition 
3.3.1]). Therefore rscott = r^Scott- Since (0(X), r^scott) is homeomorphic 
to S"'- by (O, it is a qcbo-space. This shows ([S]). 

□ 

In view of this proposition, we henceforth denote by 0{X) the sequential 
space consisting of the opens of X as its underlying set and carrying the w-Scott 
topology T(^scott- Note that the w-Scott topology forms the underlying set of 
the sequential space 0{0{X)), which itself carries the w-Scott topology dehned 
on the complete lattice {0{0{X)); C). Moreover, 0{0{X)) is a qcbo-space, if 
X is a qcb-space by Proposition 12. 21^) . 

2.3 The upper Vietoris topology on compact sets 

Now we dicuss a natural topology on the set of compact subsets of X, known 
as the upper Vietoris topology. In view of the results of Section [3] it makes sense 
to consider the larger family of countably compact subsets of X. We denote the 
latter by X(X). For a qcbo-space X, however, IC{X) coincides with the family 
of compact subsets, because X is hereditarily Lindelof. 

The upper Vietoris topology is generated by the subbasic open sets □[/ := 
{K £ /C(X) I K C [/}, where U varies over the open subsets of X. A related 
topology is the Vietoris topology. It has as a subbasis the sets OU and ()U := 
{K e /C(X) \KnU ^9}, where again U G 0(X). 

We do not know whether any of these topologies is sequential. However, 
both topologies are countably based and thus sequential, provided that X has a 
countable basis. By /Cuv(-^) we denote the space of countably compact subsets 
of X equipped with the sequentialisation of the upper Vietoris topology. If X is 
Ti, then /Cuv(Al) is a To-space; if X is a qcb-space, then /Cuv(Ar) is a qcb-space 
as well (cf. Section 4.4.3 in [4]). 

The countably-compact-open topology on the set of continuous functions 
from X to V is defined by the subbasis of open sets C{K, U) := {/ G \ f[K] C 
U}, where K is countably compact and U G 0(Y). By Lemma 12.11 C{K,U) is 
open in the exponential formed in Seq. We show that this construction is 
continuous. 

Proposition 2.3 For two sequential spaces X,Y, the map C is a sequentially 
continuous function from ICuv{X) x 0{Y) to 0{Y^). 
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Proof. Let {Kn)n converge to Koa in /Cuv(-^)) let {Vn)n converge to Voo in 
0{Y), let {fn)n converge to /oo in and let /oo G C(iLoo, Poo)- Since iGoo C 
Uoa '■= G there is some ni such that Kn Q Uoo for all n > rii. 

From the fact that converges to Kao one can easily deduce that the set 

L := Kao U lJi>ni Ki is countably compact in X. Hence M := foo[L] C Voo is 
countably compact in Y. By Proposition 12. 21l^ the set Wm '■= Voo H r\n>m 
is open in Y for all to G N and Voo = UmeNl^"*- Therefore there is some 
U 2 G N with M C Wo U ... U Wn 2 , hence M C Wn 2 and foo G C(L, VFnj). 
Since the countably-compact-open topology induces the convergence relation 
on Y^ by Lemma I^TTl there is some 713 G N such that /„ G C(L, VFnj) for all 
n > ns- For all n > max{ni, 77 , 2 ,na} we have Kn C L, Wn 2 C Vn and thus 
/„ G C{L,Wn 2 ) ^ ^{Kn,Vn). We conclude that (C(iL„,14))^ converges to 
^{Koo,Voo) in 0{Y^). Hence C is sequentially continuous. □ 


2.4 Sequentially Hausdorff sequential spaces 

We discuss sequentially Hausdorff spaces. A topological space is called sequen¬ 
tially Hausdorff, if any convergent sequence has a unique limit. Hausdorff spaces 
are sequentially Hausdorff and sequentially Hausdorff spaces are Ti, whereas the 
converse does not hold in either case (cf. [5]). Sequentially Hausdorff sequential 
spaces are called £*-spaces by R. Engelking in [5]. 

The following lemma summarises essential properties of sequentially Haus¬ 
dorff sequential spaces. 

Lemma 2.4 Let X be a sequential space that is sequentially Hausdorff. 

(1) The inequality function neq: X x X —>■ § defined by neq{x,y) = T 
X y is sequentially continuous. 

(2) The map x X\ {a:} is a continuous function from X to 0(X). 

(3) The map H 1 —^ X\f]{H) is a continuous function from 0{0{X)) to 0{X). 

(4) Let {Hn)n converge to Hao in 0{0{X)) and let (xn)n converge to Xoo 
in X. Lf Xn G P|(iL„) for all n G N, then Xoo G P|(iLoo)- 

Proof. 

(1) Let {xn)n converge to Xoo and (]jn)n converge to poo in X. We have to show 
that {neq{xn,yn))n converges to neq{xoo,yoo) in S. The only interesting 
case is that there exists a strictly increasing function tp: N —)• N such 
neq{x,p(n)iyip(n)) = T for all n G N. Then we have = y,^(n) for all 
n G N. Since X is sequentially Hausdorff, this implies Xoo = 2 / 00 , hence 
neq{xao,yoo) = T, as required. 

(2) By IT]) and by cartesian closedness of Seq, the function s: X —>• defined 

by s{x){y) := neq{x,y) is continuous. Clearly, s{x) is the characteristic 
function of the open set X \ {x}. 
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(3) By the cartesian closedness of Seq and by (1), the function t: 0{0{X)) —>• 
0{X) defined by t{H) := {x € X | (X \ {x}) G H} is continuous. If 
X G t{H) then clearly x ^ n(^)- Conversely, if x ^ fM^), then there 
is some V € H with x ^ V, implying X \ {x} € H, as V C X \ {x}. 
Therefore t{H) = X \ n(^)- Note that this shows that C\{H) is closed. 

(4) Let Un '■= X \ {x„} for all n < oo. By (1), (17„)„ converges to t/oo in 
0{X). Suppose for contradiction that Xoo ^ n(^oo)- Then Uac G iLoo- 
By Proposition I2.2ll3l) there is some no G N such that Un G Hn for all 
n > hq, implying x„j, ^ n(-^»o)! ^ contradiction. 


□ 

We remark that sequential Hausdorffness is necessary for all statements in 
LemmaUm taking into account that Statement ([5]) comprises that {x} is closed 
for all X G X and Statement @ comprises that r\{H) is closed for all w-Scott 
open sets H. 

3 A version of the Hofmann-Mislove Theorem 
for 6d-Scott open sets 

We now formulate and prove our version of the Hofmann-Mislove Theorem for 
w-Scott open sets. 

We equip the set of non-empty w-Scott open sets with the subspace topology 
inherited from 0{0{X j) and denote the resulting space by Cn+(X). This space 
is sequential, because the singleton {0} is closed in the space 0{0(X)) which 
is itself sequential by carrying the w-Scott topology (cf. Section [2^. Recall 
that ICuv{X) is the space of countably-compact subsets of X equipped with the 
sequentialisation of the upper Vietoris topology (cf. Section 1^31) . 

Theorem 3.1 Let X be a sequentially Hausdorff sequential space. Then the 
space ]Cnv{X) is a continuous retract of 00+{X). The map H i—>■ n(^) ® 
continuous retraction to the continuous section K i—>■ {U G 0{X) \ K C U}. 

Note that the condition of X being sequentially Hausdorff is essential, see Ex¬ 
ample 13.61 

We prove Theorem 13.11 by a series of lemmas. The following embedding 
lemma follows in the case of qcbo-spaces from [H Proposition 4.4.9]. By a 
sequential embedding we mean a continuous injection that reflects convergent 
sequences. 

Lemma 3.2 For any sequential T^-space X the map e: /Cuv(^) 0{0{X)) 

defined by e{K) := {U G 0{X) \ K C U} is a sequential embedding. 

Proof. By ProDOsition l2.2tH) ). e{K) is w-Scott-open for all K G JCuvi^), hence 
e{K) G 0{0{X)). 
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To show that e is injective, let Ki,K 2 G K-{X) with Ki ^ K^. W.l.o.g. we 
can assume that there is some x £ Ki\K 2 . Then K 2 Q X \ Cls{x}, as K 2 is 
saturated. Hence X \ Cls{x} £ e{K 2 ) \ e{Ki). Thus e is injective. 

To show the continuity of e, let {Kn)n converge to K^o in /Cuv(-^) and let {Un)n 
converge in 0{X) to an open set Uoo £ &{Koa)- By Proposition I2.21l^ and by 
countable compactness of Koo C Hoc, there is some k £ N such that Koo C 
V\i>k ^ ^{X)- This implies that (Kn)n is eventually in □(p|->^. Ut fl 

U^. This entails C Un and Un £ e{Kn) for almost all n. Thus 
converges to e^K^o) in 0{0{X)). 

Conversely, let {e{Kn))n converge to e{Koo) in 0{0{X)) and let U be an open 
set with Kac £ OU. Then U £ e{Kaci), implying U £ e{Kn) for almost all n G N 
by Proposition 12.2113]) . This means that {Kn)n is eventually in the subbasic set 
□[/. We conclude that converge to Kac in /Cuv(-^)- D 

The following lemma is the key observation for showing countable compact¬ 
ness of 

Lemma 3.3 Let X be a sequential space. Let U be open and let {xn)n be o 
sequence of X. Then (xn)n has a subsequence that converges to an element 
in U if, and only if, {X \ Cls{xn})n does not converge to U in 0{X). 

Proof. If-part: If {X \ Cls{xn})n does not converge to U in 0{X), then by 
Proposition 12.21151) there is a convergent sequences (a„)„ —)■ Ooo in X such that 
Ooo G U and a„ ^ X \ Cls{xn\ for infinitely many n G N. So there is a strictly 
increasing function (/?: N —>• N with G for all n G N. As 

converges to a^o and is contained in any neighbourhood of (xip(n))n 

converges to Ooo as well. 

Only-if-part: Let be a subsequence of (a;„)„ converging to some element 

Xoa £ U. By Proposition 12.2ll3]) neither {X \ Cls{x,^(^„)})n nor {X \ Cls{xn})n 
converges to Lf in 0{X), because x^(^n) ^ X \ C/s{a;,^(„)} for all n G N. □ 

Lemma 3.4 Let X be a sequentially Hausdorff sequential space. Let {Hn)n 
converge to Hoo in (DO+{X) and let (Xn)n be a sequence such that G P|(i?„) 
for all n G N. Then (Xn)n has a subsequence converging to some element Xoo £ 
n(-ffoo). 

Proof. Choose some open set U contained in Hoo- For any n G N the open 
set I/„ := X \ {xn} = X \ Cls{xn} is not in i?„, because Xn £ By 

Proposition I2.21i3l) applied to X' := 0{X), {Un)n does not converge to Lf in 
0{X), because {Hn)n converges to Hoc, in 0{0{X)). By Lemma 1331 (a;„)„ 
has a subsequence that converges to some element Xoo £ Lf. Applying 

Lemma 1121111) to we obtain Xoc £ n(-f^oo)- □ 

Lemma 13.41 implies that if 1 —^ p| if maps non-empty w-Scott-open sets to 
sequentially compact sets (in sequentially Hausdorff sequential spaces). As se¬ 
quentially compact sets are countably compact (cf. [2]), we obtain: 
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Corollary 3.5 Let X be a sequentially Hausdorjf sequential space. Then for 
every non-empty ui-Scott-open collection H of opens the intersection n(^) ** 
both sequentially compact and countably compact. 

The next example shows that sequential Hausdorffness is essential in Corol¬ 
lary [3^ even in the case of countably based, locally compact Ti-spaces. 

Example 3.6 We consider the space X which has N U {ooi, 002 } as its under¬ 
lying set and whose topology is generated by the basis 

B := {{n}, {a, ooi | a > n}, {a, 002 \ a> n}\n G N} . 

Clearly, the sequence of natural numbers converges both to c»i and to 002 in X. 
So all sets in the basis B are compact, implying that X is locally compact and 

H ■.= {U € 0(X) |NU{ooi} CU}u{U € C>(X) |NU{oo 2 } C U} 

is an w-Scott-open family of opens. But n(^) countably compact by 

being equal to the set N. □ 

Now we show that P| is even continuous in our case. 

Lemma 3.7 Let X be a sequentially Hausdorjf sequential space. Then the map 
P|: (DO+{X) —>■ /Cuv(-^)) H I—>■ continuous. 

Proof. Suppose the contrary. Since 00+{X) is sequential, p] is not sequentially 
continuous, hence there is a sequence (i7n)„ converging to Hoc in (X)+(X) and 
an open set U such that n(-f^oo) S OU, but ^ OU for all n S N. 

Therefore there exists some G f]{Hn) \ U for all n G N. By Lemma [331 
(xn)n has a subsequence (x^(^n))n converging to some element Xoo G n(i7oo). 
Since Xoo G U, (x^(^n))n is eventually in C7, a contradiction. □ 

Now it is easy to prove Theorem 13.II 

Proof. (Theorem 13.11) By Lemmas 13.21 and 13.71 the maps e: K 1 — {U G 
0{X) \ K CU} and f]: H 1 -^ CliH) are continuous. Let K G /Cuv(^)- Clearly, 
K C P(e(iG)). To show the reverse inclusion, let x G n(e(iG)). Then X\ {x} ^ 
e{K). Since X is sequentially Hausdorff, X \ {x} is open, hence K X \ {x} 
and X £ K. We conclude f^{e{K)) = K. Therefore /Cuv(^) is a continuous 
retract of CXD+{X) with P as a continuous retraction to the section e. □ 

Theorem 13.11 implies the following two corollaries. 

Corollary 3.8 Let X be sequentially Hausdorjf and sequential. Then there is 
a continuous retraction from the family of all non-empty oj-Scott-open subsets 
of 0(X) to the family of all non-empty cu-Scott-open filters of 0{X). 

As in qcb-spaces compactness and countable compactness agree and w-Scott- 
open sets are Scott-open in the open set lattice, we get: 

Corollary 3.9 Let X be a sequentially Hausdorjf qcb-space. Then P(i7) is 
compact for every non-empty Scott-open subset H C 0{X). 
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